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8.2 X-ray Diffractometers

Diffractometer: a measuring instrument for analyzing the structure of a usually crystalline
substance from the scattering pattern produced when a beam of radiation or particles

(as X rays or neutrons) interacts with it.

Goniometer: an instrument that either measures angle or allows an object to be rotated to
a precise angular position.
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8.2 X-ray Diffractometers

4-circle goniometer

Eulerian cradle for texture measurement
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8.2 X-ray Diffractometers

Two circles (0 and 20) at detector side
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8.2 X-ray Diffractometers

Two rotation axes are w and 20.
Focusing condition reflected beam from the
sample: w =6.
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8.2 X-ray Diffractometers

Diffraction condition for a single crystal Diffraction condition for poly-crystal
or powder sample
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8.2 X-ray Diffractometers
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8.2 X-ray Diffractometers
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8.2 X-ray Diffractometers

Elements effecting diffraction peak shape
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where g(x) = g,(x) ® g,(x) ® g5(x) ® g,(x) ® g5(x) ® g4(x)
g,(x):Xx—ray source

g,(x):flat surface of specimen
g,(x):vertical divergence of x-ray beam

g,(x):transparency of x-ray in the specimen
g:(x):size of reciving slit

g4(x):misalignment
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8.2 X-ray Diffractometers

Monochromator
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8.2 X-ray Diffractometers
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In order to get diffraction peak of hkl, one can move reciprocal point to diffraction plane
by rotating a combination of w, ¢, and x. Any diffraction pot can be moved by rotating two
different angles such as w and ¢, ¢ and ¥, and w and x. However, rotations of all three
angles are used for real experiment because of geometric restriction of the diffractometer.
20 circle is used for moving detector to the reflected x-ray beam position. The angle, w
set O for keeping focusing condition of reflected beam, and ¢, and x are adjusted to move
reciprocal lattice point on the diffraction plane.

The coordinates system in 4-circle goiniometer

(I) the coordinates system of diffractormeter : an orthonormal systemrelated to

diffractometer.
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8.2 X-ray Diffractometers

where
b, is parallel to the diffraction vector for positive 28 and always bisects
the angle (217 - 20)
a, isin the diffraction plane, perpendicularto b, is directed toward
the x —ray source when 206 =0.
¢, iIs coincident with the main axis of the instrument.

(II) the coordinate system of specimen : an orthonormal system
ac
Ac=| b,
Cc
A fixedin the specimen. The axes are defined such that
A, is coincident with Ay whenw=¢ =y =0.
c. isalways coincident with the ¢ axis.

X-ray & AT Laboratory, GIFT, POSTECH




8.2 X-ray Diffractometers

(11 Crystal axes of unit cell

A FHEA
a _ =
A=|b c, p == x:.-
c/ 7 4
c / /, /A2
f”/ b, ,.";JIIr / ::f
where a, b, c are lattice parameters of unit cell Il
aa,

[19 8-36] AHAtAAe] wlE XE Au HAEA &9l Hez ¥ME5}7]

Orthogonal axes system 9% HEA Aol
X, =TX
( a bcosy ccos B 1
where T=|0 bsiny c(cosa—cos fcosy)/siny

LO 0 c(l—sin2a+0052ﬂ—ZCosacos,Bcosy)l/z/SinyJ

This matrix often used for calculating |X|

X =[x [=(x]x, ]
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8.2 X-ray Diffractometers

Therefore
X, = {Tx) (rx)f* = (X1 1X " = (X" (T T)X]

G is called metric tensor

a’ abCosy accosf
G=T'T=| abcosy b* bccosa
cacos B bccosa c’
a-a a-b a-c

=|b-a b-b b-c|=A"A

c-a ¢-b c-c

If axes system is orthogonal, metric tensor become unit matrix;

0
0=I
1

o - O

1
G=|0
0

X-ray & AT Laboratory, GIFT, POSTECH



8.2 X-ray Diffractometers

A4

(IV)Reciprocal crystal axes

where a’, b’, ¢ are reciprocal unit vectors

The magnitude of reciprocal vector can be estimated by metric tensor

X* :{X*TG*X*}]./Z
and
a’a” a"b’ a ¢
G =|ba” b b b ¢ |=ATA"
c*.a* c* b* *.c*
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8.2 X-ray Diffractometers

(V) Coordinates of a reciprocal vector
The coordinates of a vector in reciprocal space inthe A, A,, and A’system
H¢ = (xc:yc’zc)

H; = (xD’yD’ZD)
H=(hk1)

such that a reciprocal vector h may be written
h=HA =ha" +hb +Ic
=HpAp =xpa, +yp,by+2p¢,
=H.A.=x.a.+yb.+2z.€.

where transformation matrix F is defined by
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8.2 X-ray Diffractometers

F=R(#)R(7)R()
cosg sing 01 0 0 cosw Sinw 0
=|-sing cosg 0|0 cosy siny|-Siho cosw O
0 0 1)J0 -siny cosy 0 0 1
COS@COSw —SingdSinwCOSy  COS@Sin@ +SingCOSwCOSy  Singsiny
=| —SingCOSw — COSPSinwCOSy -SiNgSinw + COSPCOSwCOSy COS¢siny
Sin ySin -sinycosw COSy

It follows that
X. =X, F" or X{ =FX]
since F is unitary matrix and thus
F—1 _ FT
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8.2 X-ray Diffractometers
(VIl) The orientation matrix
It is convinient to introduce an orientation matrix U such that
A =UA,
The matrix U (which is in general not symmetric) has nine independent elements

which are related to the six sell constants and three angles describing the specimen
oreientation. The cell constants may be obtained, independent of the orientation,

by forming the product of A” and its transposeA ™.
G '=A'AT=UAAU’
from which we obtain, since A;Al =1
G'=UU"'
Thus, by forming the product UU", the reciprocal cell constants and hence
the unit celi constant of the crystai may be obtained.
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X-ray Diffractometers

‘-n‘n PRy - PR

If w, X, ¢ are such that the diffraction conditions are met, then
H,=(0d"0)
where d” = h|

Thus it follows, using rotational transformation matrix, F
COS @ Sin @ +Sin ¢ COS y COS w

H. =d’| —singsin @+ cos¢cos y cosw
—sin y cosw

Since

HA"=HUA_. andHA =H_A_
we have
HU=H,

Knowing H and U, we can calculate the components of Hc and hence the setting angles
by solution of equation H
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8.2 X-ray Diffractometers

Determination of U from three reflections:
At any value of w, measurement of ¥, ¢, and d* for reflection h is a measurement of three

independent quantities which may be used in the determination of U.

For three reflections h,, h,, h, we have

HA =H_A_
H,A"=H_A,
H,A"=H_A,

Let us define the following matrices

Hl hl kl Il HC1 Xl yl Zl
HReerction = H2 = h2 k2 |2 and HSpecimen = HC2 = X2 y2 Z2
H3 h3 k3 |3 HC2 h3 y3 23
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8.2 X-ray Diffractometers

Then
Hp, flection A" = HSpecimenAC
A= H;é flection \ X Speciment™C
But since
A" =UA_
we have
U=H,

Re flection™ " Specimen

The matrix Hspecimen depends only on w, X, ¢, and d* for three reflections. The matrix
Hspecmen depends only on the indices. Hence we may solve for U.
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8.3 The Integrated X-ray Intensity of a Diffraction Peak
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Integrated intensity: the shade area of the diffraction peak.
Direct x-ray beam power: Aolo

Structure factor

the number of family planes

Temperature factor

X-ray absorption by specimen

Lorentz factor (geometric factor)

Exposure time to detector

Polarization of x-ray

NGO~ WDN -
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

Small crystal: N1N2Ns

2 sin® Nys-a sin® Nyzs-b sin® Nyzs-¢

I,=1

e

Fl

2

sinms-a sin‘as-b sinas-c

where N,,N,, N, are the number of unit cell with respect to a, b, c.

Ideal diffraction experimental case, the maximum intensity becomes

/

P,max = Ie

F| N?N2N?

Real case, the shape of diffraction peak
- divergence of x-ray beam
- defect of crystal
- misalignment
- other instrumental factor

Measure
Integrated intensity
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

- w is angular velocity of rotating (hkl), and w axis is parallel to (hkl)

- reflected x-ray radiates into a solid angle dpdy for So.
- So’ can be reflected by (hkl) because divergence of incident x-ray beam

\ | d(A s) ; .. II"'.

I‘ LI I|
\Hﬁ _ ‘1}5:1(‘43)%:
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

where dt = do/w, and detecting area dA =R?dfdy
1
I =|||£R*dedfd
IR dadpdy

In order to integrate this equation, let us change dadfdy to reciprocal space unit as As.

As=pa +pb +pe
where p,,p,, p,are very small. Then

As, | =|S,|de. ‘Asﬂ‘ =|S|de, and ‘Asy‘ =S|de,
The volume of the small reciprocal space associated with As.
. sin 20
AV =As,xAs, -As, = 7 dadpfdy

AV can also be written in reciprocal unit vector

% % % & 1
AV =dpa xdp,b -dpc =———dp,dp,dp,

unit cell
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

therefore
13
dadpdy = ——dp,dp,dp,
unit cell Sin 29
The intgrated intensity becomes
R? 5
| = _”J‘I pdp1dp2dp3

@ th cell Sl]’l 2

The triple integral becomes

(1o = [ 2

« sin N27z(s+As)-b sin N37r(s+As)-c

dp.dp.d,
i nls+hs) b s alsras)e PP

sin N17zp1 sin N27zp2 sin N3

s dp,dp,dp,
sin’ 7ip,  sin°7p,  sin® ap,

Since the above equation exist only vicinity of Bragg peak, p1, p2, ps are very small values.
Hence sintrp:= 11p-1.
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

With this approximatin and using the result of integral from integration table;

.2
j Sin 2Nx _N
-0 X
We have
LR*|F|
| = - N, N,N,
oV sin 260

unit cell

Let us change N1Nz2Ns to more practical parameters. If the volume of small crystal dV,
OV=VunitcetN1N2N3.

L € sV (1+c05229]( 1 j

FI' 2
w dreym’c’ u Viiwer \ 2 sin26

(1/sin28) is called Lorentz factor which was driven from geometry of diffractometer.
Lorentz-polarization factor is the combination of Lorentz factor and polarization factor.
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

Diffraction from mosaic crystal

A crystal with mosaic structure does not have

its atoms arranged on a perfectly regular - \%\@ ///
lattice extending from one side of crystal to the %&3 L[ 9
other; instead, the lattice is broken up into a & @ ?
number of tiny small crystal, each slightly - - ¥
disoriented one from another. The size of these (o) 5
crystal is order of 100nm, while the maximum SR el bt Sl e
angle of disorientation between them may vary AR el dzolA SAHE o

from a very small value to as much as one
degree, depending on the crystal.

z=0

Integrated intensity from mosaic crystal can be calculated with help of the figure;

I:]—OL‘F‘ZJ} 6V (1+cos” 20 Iwe—Zw/sinﬁ Aydz
@ 472-80m6264 I/ufzit cell 2Sln 29 z=0 5V
14, ¢ |F[R (1+cos®20
@ 472-80m6264 Zlul/uiitcell 2Sln 26

where A, is cross sectional area of incident beam,
u is linear absorption coefficient of mosaic crystal.
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

h/2R

(a) (b)

(719 8-401 212719 3 A5 2717t hxw Ll olo] a4
s 51 WE o) QA%

If the reflected intensity is measured by the receiving slit of which size is (h x w), solid angle,
Q) along scattering vector corresponding to slit size becomes

AR°sSIn @
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8.3 The Integrated X-ray Intensity of a Diffraction Peak
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

Diffraction from powder sampie
The number of powder which is diffracted because of angular divergence of incident x-ray
AN — Nm,,, 27R* cos(0+a )da
A7AR?
N
~ 2 os Qo for small a

Irradiated area of reflected beam may be written
by angular divergence dpdy;

dA = R*dfdy

Integrated intensity reflected by (hkl) becomes (29 8-41] 6+a% G+a+da Abole) B9IE 2= AXW

= j j j I WRZ cos ddad fdy
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

When the reflected x-ray is detected using the size of (h x w) receiving slit,

Nm h
I=11l7 Ikl p2 c0s @ doadBd
i 2 k2520 APy

Comparing the other equations

I = 1,4, e’ ‘F‘Z’thkzh 1+ cos® 20
167R 4megm’c® 2uV?. ., \ sin@sin20
where (1/sinf sin26) is Lorentz factor for powder diffraction.
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

i€
|

Lorentz

—_—L
dClor

Lorentz factor is related to the time it takes V= @80

a point in the reciprocal to move through the
Ewald sphere.

So ', 000
If a crystal is rotating at angular velocity w
about 000, the velocity of diffracting point
is w|S-So|, and the component of velocity .
normal to the sphere (v.), is w|S-So|cosd _
[29 8-42] 3dste 22 ZA] o 34 e Ewald 77 s 2%

The time (t) for a point to pass through
The reflecting position is proportional to 1/ v .

/e 1 _ 1 _ 1
v, oS—S8,|cosd w2sinfcosh
1 L
T wsin20 o

where L =1/5In26; Lorentz facor
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

| il of o R ol R R
Effect of temperature 5
Assume that atomic bonding motion is Ofmw.
harmonic oscillator. The structure factor of the I u
|

crystal becomes
[19 8-43] 2xo] o Az x5

N 27sr, N 27is-(ry ;+u ;) N 27sxy ; 27ms-u;
— J— Wi _ J j
F(S)_ijlfje _ijlfje _ijlfje €

Since u; changes with temperature, and is small values, the exponential term of u; can be
approximated

st-uj

e =1+27zis-uj—27rz(s-uj)2+...

Time average of this equation becomes

oo™ :1—27z2(s-uj +2—7Z4(s-uj)4 —...

3
-27[2(S~uj)2

e

Q

If uj does not have directionality, then we have

1
2.2 2.2
(s-uj)zzs u; COS¢=§S u;
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

If uj does not have directionality, then we have

2 2.2 _1 2 2
s-uj) =5 ujCOS¢—§S u;

—

Therefore, the time average structure factor affecting temperature can be written

27[(272 87r sm@z

2
fir=re™" =fe =fe °
_8r 2Sln492 szn@

= fe 7 —fe

where B, —87r2u . (temperature factor),

andu,  the component of u, along s direction

Since the diffraction peak intensity is proportional to the square of structure factor,
thermal motion of atom reduces the diffraction intensity by a factor of

o-(28sin®017) Debye-Waller factor
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8.3 The Integrated X-ray Intensity of a Diffraction Peak

Debye developed the temperature factor, B as follows;

B 6h° {¢(x)+£}
mk,® x 4

where % is Plank constant, K, Boltzmann constant, m mass of atom,
©® Debye temperture of atom, and x = ®/T. And @) is given by

p) == [ —=—ae

x90 e —1
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8. Experimental X-ray Diffraction Procedures

Homework
Due date: April 21, 2008

Solve the problems; 8.1, 8.4

If possible, please solve 8.7 (Extra points)
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